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between x and ir' is equal in volume to the sum of the parts of S and Si included 
between it and w'. 

Note. In communicating the above question Mr. Elbert O. Brower, of Cicero, Illinois, 
says (in substance): "The truth of this proposition so easily follows from a consideration of the 
ordinary formula for getting the volume of a spherical segment, that it is difficult to suppose that 
it is unknown; yet I am led to wonder how it happens that, if known, it has not been accorded 
the prominence which it would seem to deserve. In sending it to the Monthly I wish to deter- 
mine whether or not it is original with myself." — U. G. M. 

DISCUSSIONS. 

I. Relating to the Transition Curve. 

By Geobge Paasweix, Civil Engineer, New York City. 

The transition curve is a so-called railroad spiral used to ease the approach 
to a circular curve. It is defined by its intrinsic equation d<p/ds = 2ks, where s 
is the distance along the curve measured from the point of zero curvature and 
k is a constant determined by the special data of the circular curve for which the 
transition is an easement. The integration of this equation gives <p = ks 2 . 
Taking the length of the transition as L and the radius of the circular curve as R, 
the value of k is found from the intrinsic equation to be 1/2RL. 

From the geometry of the infinitesimal triangle dy = ds sin <p and 
dx = ds cos <p, or, substituting from the above the values of ds and s, we have 

, 1 sin <p 1 cos <p 1' T* sin <p 

dy = —jf—i=-d<p; dx = — -j= — — d<p; y = —j= I —.=-d<p; 

- J_ f* cos <p 

Expanding the integrals, integrating term by term and replacing k by its 
value Vcp/s, we get 

^ (- l)V"+i _ ^, (-l)V 

y g V(4n+3) |2n+l ; * ~ * o (4n + 1) \2n' 

Defining two functions, 

v- (- i)v»+i « (-i)V" 

tran <p= s Z-i 77 — 1 qm o a. i an " c °t r an <p = s 2-, 



(4n + 3) |_2n+l """ ^" a " v V (4n + 1) \2n 

we have y = s tran <p, x = s cotran <p, and, maintaining the same analogy, 
tatran <p = tran ^/cotran <p, so that y = x tatran <p. It may be advantageous 
to make up tables of these functions, similar to the trigonometric tables, and 
problems in the transition may be expressed in terms of these new functions. 
At present there is no rigorous mathematical discussion of this curve. 
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It may be interesting to establish the coordinates of the terminus of the 
transition. Since 



p|V*,-pV*-J|. 

Jo -S (f Jo y <p \2 



the coordinates become x K — y„ = J ^w/2k, x = y = %^wRL. 

The coordinates of the transition are related to the Bessel functions as follows : 



; C = \\ J-u 2 (<p)d<p; S = j\ Jm(<p)d<p; 
Jo Jo 



1 sin ^ , 1 cos <p 

Jll2\<P) — —j=—j=^ ', J -112= —j= — r=- 
att "V <p "Vir "V <p 

whence y = ^IwRL S(<p) and x = ^JwRL C(tp). (Cf. Jahnke and Emde's Tables, 
p. 23 seq.) 

II. Relating to the Geaph op a Cubic Equation having Complex Roots. 

By Edwin S. Crawley, University of Pennsylvania. 

The note on "The Graphical Solution of a Cubic Equation having Complex 
Roots," pp. 70-71 of the Monthly for February, 1918, recalls to my mind 
something similar which I learned a number of years ago and which might 
possibly interest some readers of the Monthly. 

Every cubic with one real and two imaginary roots is expressible in the form 
(x — AOCr 2 — 2px + p 2 + q 2 ) = 0, and the graph of 

y = (x — k) (x 2 — 2px + p 2 + q 2 ) 

(i. e., of y = aox 3 + a,\x 2 + 02a; + a s ) always has a form more or less like the 
figure. Then it is easy to show that OM = p and tan MAT = q 2 , where p ± qi 




are the imaginary roots. AT is the tangent to the curve drawn from its real 
intersection with OX. 

For, if OA = k the line y = A (a; — k) will be tangent to the curve if 

x 2 - 2px + p 2 + q 2 - X = 

has equal roots, that is, if X = q 2 ; and y = q 2 (x — k) touches the curve at x = p. 



